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Review: Topics Covered
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Review: Workspace
Adept S850 Workspace
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Review: Topics Covered
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Review: Rigid Motions
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Review: Homogeneous Transformations
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Review: Homogeneous Transformations
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Review: Homogeneous Transformations
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Review: Homogeneous Transformations
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Review: Homogeneous Transformations

• H that represents the following in order:
– Rotation by angle α about current x-axis
– Translation of b units along current x-axis
– Translation of d units along current z-axis
– Rotation by angle θ about current z-axis

H = Rotx, α Rotz, θTransx, β Transz,d
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Characterized by 6 numbers
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Forward Kinematics
Denavit‐Hartenberg Parameters
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DH Parameters: Denavit‐Hartenberg Convention
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DH Parameters: Denavit‐Hartenberg Convention
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DH Parameters: Denavit‐Hartenberg Transform
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DH Parameters: Example 1‐ Planar Elbow Manipulator

j1 j2

link 0

link 1

link 2

# of joints = n  Number joints from 1 to n

# of links  = n + 1  Number links from 0 to n
When joint i is actuated, link i moves  Link 0 is fixed

Link and Joint Labeling Scheme:
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DH Parameters: Example 1‐ Planar Elbow Manipulator

j1 j2

link 0

link 1

link 2

Link ai αi di θi
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j1 j2

link 0

link 1

link 2

Link ai αi di θi

1 a1 0 0 θ1

2 a2 0 0 θ2
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DH Parameters: Example 1‐ Planar Elbow Manipulator
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x = a1c1 + a2c12

y = a1s1 + a2s12

z = 0

Components of the origin o2 in 
the base frame
 end‐effector coordinates

Orientation of frame o2x2y2z2
relative to the base frame

DH Parameters: Example 1‐ Planar Elbow Manipulator
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DH Parameters: Example 2a‐ SCARA Manipulator
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DH Parameters: Example 2a‐ SCARA Manipulator
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[Matlab Symbolic Math Toolbox]

DH Parameters: Example 2a‐ SCARA Manipulator
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DH Parameters: Example 2a‐ SCARA Manipulator
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1 a1 0 d1 θ1*
2 a2 180 0 θ2*
3 0 0 d3* 0
4

Link 4

0 0

d4

d4 θ4

DH Parameters: Example 2b‐ SCARA Manipulator
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DH Parameters: Example 2b‐ SCARA Manipulator
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DH Parameters: Example 2b‐ SCARA Manipulator
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Three revolute joints intersecting 
at a common point

DH Parameters: Example 3‐ Spherical Wrist
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Link ai αi di θi

4 0 -90 0 θ4*
5 0 90 0 θ5*
6 0 0 d6 θ6* d6





































1000

10

6556565

654546465464654

654546465464654

3
6

3
6

3
6

654
3
6

dcccscs
dssssccscsscccs
dscsccscccssccc

T

oR

AAAT

DH Parameters: Example 3‐ Spherical Wrist
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Euler Angles to Rotation Matrices
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θ4, θ5, and θ6 are the Euler angles Φ, θ, and ψwith respect to the 
coordinate frame o3x3y3z3will help with Inverse Kinematics

DH Parameters: Example 3‐ Spherical Wrist
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DH Parameters: Euler Angles from Spherical Wrist Eqs

[Spong et. al., pages 55‐56]
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DH Parameters: Euler Angles from Spherical Wrist Eqs

[Spong et. al., pages 55‐56]
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Inverse Kinematics
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Inverse Kinematics

• Given end-effector position and orientation, 
compute corresponding joint variables

Fall 2013 ME 598, Lecture 232
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Inverse Kinematics: Algebraic Decomposition
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Inverse Kinematics: Algebraic Decomposition
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Inverse Kinematics: Algebraic Decomposition

Solve:

12 non‐linear, trigonometric 
equations with 6 unknowns

…in real‐time!

Fall 2013 ME 598, Lecture 235
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Inverse Kinematics: Geometric Analysis
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Inverse Kinematics: Kinematic Decoupling
Inverse kinematics = 

inverse position kinematics + 
inverse orientation kinematics

Two sub problems:

• Find position of the intersection of the wrist axes (oc)

• Find orientation of the wrist

Fall 2013 ME 598, Lecture 237

©2011 Stevens Institute of TechnologyP. 2/3   |   01/01/11

||

z1

z2 x2

z5, z6

z4 z3

x1

θ1

d2

θ2

x3

θ3

x4,

θ4

x5
θ5

θ6

d6

x6

Forward Kinematics

Link ai αi di θi

1 0 90 13” θ1

2 8” 0 d2 0
3 8” 90 0 0
4 0 -90 0 θ4

5 0 90 0 θ5

6 0 0 d6 θ6

Inv. Kin. : Example P3.10‐ PUMA 360 Manipulator
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ME 598, Lecture 2

z0

x0

y0

dx

dy

dz

θ1

Given: d = [dx, dy, dz]T

Find:  θ1, d2, and d3 as functions of dx, dy, dz

Inverse Kinematics

Inv. Kin. : Example P3.13‐ Cylindrical Manipulator
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ocz1

x1

y1
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x2 z2

z4

z3, z5, z6
x4 ,x5θ4

θ5

θ6
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Link ai αi di θi

1 0 0 1 θ1*
2 0 -90 d2* 0
3 0 0 1+d3* 0
4 0 -90 0 θ4*
5 0 90 0 θ5*
6 0 0 d6 θ6*

Inv. Kin. : Example P3.15‐
Cylindrical Manipulator + Spherical Wrist
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Summary Algorithms for
Denavit‐Hartenberg Parameters

Fall 2013 ME 598, Lecture 241
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[Spong et. al., pages 110‐111]

Summary Algorithms for DH Parameters:
Forward Kinematics
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[Spong et. al., pages 110‐111]

Summary Algorithms for DH Parameters:
Forward Kinematics
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[Spong et. al., pages 110‐111]

Summary Algorithms for DH Parameters:
Inverse Kinematics (Manipulators w/Spherical Wrists)
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Announcements

• Homework #2
• Manipulator Lab 1

Typo in book for Law of Cosines in Appendix A.  Should be:

c2 = a2 + b2 – 2 a b cos θ

Fall 2013 ME 598, Lecture 245


